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This paper is a contribution to the study of the Lyndon-Hochschild-Serre 
spectral sequence in the homology theory of groups [8]. This spectral sequence, 
referred to henceforth as the L-HS spectral sequence, relates to a group 
extension 
(O-1) N-G-Q 
and yields, for a given G-module A, a spectral sequence {EF*a(A)}, such that 
which converges to the graded group associated with H,(G; A), suitably 
filtered. In this paper, it will practically always be the case that A = Z, 
regarded as a trivial G-module, and that N is abelian. If A = Z we suppress 
it from the notation. When N is abelian then Q operates on N through (O.l), 
making N into a Q-module, and the equivalence class of the given extension 
may be regarded as an element OL E Ha(Q; N). We will suppose that OL is of 
finite order tl and we prove that the differentials 
d, = d,“: E;-U - E;--t.Q+T--1 
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of the L-HS spectral sequence, I > 2, have torsion, and obtain an upper 
bound on the torsion as a function of n, q, and r, provided that one of the 
following conditions holds: 
(4 4-t T < 3; 
(b) N is torsionfree (abelian); 
(c) N is the direct product of two cyclic groups. 
We note that condition (a) covers the entire part of the L-HS spectral 
sequence which bears on the calculation of the Schur multiplicator H,G. 
To the authors’ knowledge, the only differential of the L-HS spectral 
sequence whose study appears in the literature is d, . Charlap-Vasquez [4] 
gave a description of dSa in the L-HS cohomology spectral sequence, for 
which 
E&(4 = H”(Q; H*(N; 4, 
in the case when A is a field, and their result was generalized to arbitrary 
G-modules A by Andre [2]. In these descriptions dzu is expressed as a deviation 
from dzo, the differential for the spectral sequence of a semidirect product, the 
deviation being given by means of a certain cup-product. Andre [2] also 
explicitly translated the description into homology terms. In a later paper [5], 
Charlap-Vasquez introduced certain characteristic lasses for a finer analysis 
of dza in cohomology, and used their results to prove that 
(0.2) 2d,o = 0, 
provided N is free abelian and A = Z. However, their argument was elaborate 
and quite different from ours. We reobtain (0.2) as a special case of our general 
result. Evens [7] shows that d,O = 0: Eisl + Ei*’ if N is finite abelian of odd 
order and concludes that in that case there is a split short exact sequence 
(0.3) 0 + (H,N), - R, -+ H,(Q; N) - 0, 
where R, = ker(H,G + H,Q). We obtain (0.3) under more general circum- 
stances (Proposition 4.1) and then use Evens’ argument to obtain a general 
“mod 2 splitting,” from which a genuine splitting is obtained under conditions 
somewhat more general than those stated by Evens. Doubtless, this mod 2 
splitting had already been noticed by Evens. 
The plan of the paper is as follows. In Section 1 we establish the elementary 
number-theoretic results needed to obtain bounds on the torsion of d,.a, in 
Section 2 (Theorems 2.2, 2.6). Th e e i ea in ec ion 2) is to exploit the k y d ( S t 
fact that, if N is abelian, the map 
I: N --+ N (multiplication by Z) 
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induces 
lq: H,(Q; HP) + H,(Q; ffpJv> 
provided q < 2 or N torsionfree; if N is the direct product of two cyclic 
groups, then 1: N + N induces 
1”: Hp(Q; H&V + H,(Q: fW)> 
wherea=Oifq=O,a=q’+1ifq=2q’#0,anda=q’ifq=2q’-l. 
Now, if (Y is of order n and 1 E 1 mod 12, then there is a map 
N>+G-Q 
4 -1 II 
N>-+G-Q 
of extensions, inducing an endomorphism of the L-HS spectral sequence. 
From this we deduce, in cases (a), (b) above, with a suitable modification in 
case (c), that, for all k E Z, 
(0.4) O(k) d,” = 0, d,ol: E;*O -+ E;-“*q+r--l, 
where 
(0.5) O(k) = (kn + l>“((kn + 1),-r - 1). 
Thus we are left with the problem of computing the gcd of the integers 
B(k), and this is what we have achieved in Section 1 (Theorem 1.4). We remark 
that the calculation of the gcd of the integers B(k) in the case of the semidirect 
product (n = 1) involves computations which have appeared in various 
mathematical contexts, e.g., in [I]. 
In Section 3 we specialize to the case in which (0.1) is a central extension, 
i.e., N is central in G. In this case we can produce a refined estimate of the 
torsion of d,*, based on the fact that d,” = 0, r > 2. These refined estimates 
appear in Theorems 3.2 and 3.3. 
The remaining three sections of the paper are devoted to applications of the 
main theorems. In Section 4 we discuss the homology of the semidirect 
product G of Q and the Q-module N. After generalizing some of Evens’ 
results on H,G, we discuss H,G, n > 3, in the case in which N is torsionfree, 
and obtain conditions under which H,G behaves, at least modulo certain 
abelian group extensions, just as in the case of the direct product; that is, 
we obtain conditions under which all the differentials of the L-HS spectral 
sequence which bear on H,,G vanish. In Section 5 we make a closer study 
of the Schur multiplicator H,G of a finite group G, and use our results to 
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obtain lower bounds on the order of H,G. These results contrast, therefore, 
with those already appearing in the literature, which involve upper bounds 
on the order of the Schur multiplicator of a finite group. Finally, in Section 6 
we exploit the fact that all differentials d,” have torsion, if 01 is of finite order, 
to obtain a determination of the rank of H,,G in terms of the ranks of the 
groups f&(Q; f&-J% h ere no assumption need be made beyond the 
requirement that N be abelian, and even this is unnecessarily restrictive. 
Scrutiny of the proofs of our theorems makes it obvious that the results 
of Sections 2 and 3 extend to the case of the L-HS spectral sequence {ET*q(A)), 
where A is a Q-module which is torsionfree as abelian group. If we confine 
ourselves to those results in which N is assumed torsionfree, then we may 
take A to be an arbitrary Q-module. 
There are also corresponding results in cohomology. Thus, provided that 
A is a Q-module which is divisible as abelian group, the torsion estimates on 
given in Sections 2 and 3, apply to the differential 
4: EL,,+,d4 --t EL(4 
of the L-HS cohomology spectral sequence, without change, with the single 
modification in the hypotheses that, where N has been assumed torsionfree, 
it must now be assumed free (abelian). However, if we confine ourselves to 
those results in which N is assumed free, then we may, as above, actually 
take A to be an arbitrary Q-module. 
1. NUMBER THEORY 
We first state three very elementary lemmas: 
LEMMA 1.1. Letpbeprimeands > 1. Then 
(i) if 1 = 1 modp*, It = 1 modps; 
(ii) if 1 = 1 modp*, 1”’ = 1 modpS+B. 
LEMMA 1.2. Let p be prime and s > 1. Then 
(i) if 1 E 1 + cp* modp*+r, It E 1 + ctp* modps+l; 
s <ii’l if 1 E 1 -l- cPs mod ps+l, 1”’ = 1 + cps+c modpa+e+l, unless p = 2, 
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Proof of (ii). It is plainly sufficient to consider the case e = 1, since the 
general case then follows by an easy induction. If I = 1 + cpS + dps+l, then 
Zp = (1 + cp8 + dps+l)p = 1 + cpS+l + dps+z + P(P - 1) c2p2s + . . . 2 
+ P(P - l)(P - 2) 
6 c3P38 + *** * 
Nowifpisodd,wearguethat2s+l >s+2,3s>s+2,sinces>l, so 
P e 1 + cp*+l mod P*+~. If p = 2, then 2s > s + 2, since s > 2, so, again, 
the result follows. 
Our third lemma will handle the exceptional case in Lemma 1.2 (ii). 
LEMMA 1.3. Let m be odd. Then 
(i) 2km+1r1mod2und2m+1-3mod22; 
(ii) (Uzm + 1)2 = 1 mod 2s and (4m + 1)” = 1 + 23 mod 24. 
Now fix integers q > 0, f 2 1, tl 3 1. Our object is to find the gcd of the 
integers 
(1-l) f?(k) = (kn + l)“((kn + 1)f - l), kEiZ. 
Let us write, for any prime p and any natural number h, pe 11 h if pe 1 h, 
pe+l 7 h. Define u(p, f), abbreviated to u(p), by pO(*J) 11 f, and set b(p) = 
min(p, u(p) + 1). Let n be factorized into powers of different primes 
Pl , P2 y...I $2 as 
n = p:‘p:” ***pf”. 
Then we define integers K = K(f, n), h = X(p, f, n) as follows: 
x = (py),, pbtP)* 
P#P1*Pp...*Pg 
Notice that h stabilizes as q + 03. 
We now prove 
THEOREM 1.4. The gcd u = o(q, f, n) of the integers B(k), k EZ (l.l), is 
given by 
a = 21ch iff is even and 2 11 n, or iff is even, 
nisoddundu(2)+2 <q; 
u = Kx in the contrary case. 
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Notice that, if q = 0, X = 1; if f is odd and q > 1, then X = 1 if n is even 
andh =2ifnisodd;andthat,ifn = 1,thenK = 1. 
Proof of theorem. We write u,, for the p-primary factor of the gcd of the 
integers B(k). We first prove that if (p - 1) ff and p # p, ,p, ,..., p, , then 
(TV = 1. For let u modp generate the multiplicative group of the field Z/pZ. 
Then p 7 u and uf + 1 modp. Moreover, since p { n, there exist integers a, 
bwithan+bp=l.Thusifk=a(u-l),thenkn+lrumodp,so 
P f W 
Nowletp =p,.Thenp,+-(kn+ l>” and we deduce from Lemma 1.1 that 
p;i+dD,) 1 (kn + l)f - 1. 
Consider now k = 1. Then kn + 1 = n + 1 = 1 + cpi’ modp;i+l, where 
n = cpi*, so that pi f c. It follows from Lemma 1.2 that, unless pi = 2, 
Si = 1, 
p;i+a(P‘)+l T(n+I)f- 1. 
Thus 
(1.3) u9t = p;i+w, unless p, = 2, si = 1. 
Suppose now that pi = 2, si = 1, SO that 2 11 n, n = 2m, m odd. If f is odd, 
Lemma 1.3(i) tells us that 
so that 
2 I W, 4 7 e(l), 
(1.4) if p,=2, si=l, fodd, 0,~=2. 
On the other hand, if f is even, Lemma 1.3(ii) tells us that (kn + 1)2 = 
1 mod 23, so that, by Lemma 1.1, noting that a(2) > 1, 
(1.5) 
(kn + 1)2”(*) E 1 mod 2a+a(a), 
(kn + l)f E 1 mod 22+a(2), 
22+“‘2’ 1B(k). 
Again, Lemma 1.3(ii) tells us that (2n + I)” I 1 + 23 mod 24, whence, 
by Lemma 1.2, 
(2n + 1)2”‘2’ _= 1 + 22+d2) mod 23+1W) 9 
from which we immediately conclude that 
U-6) 23+a(3) 7 e(2). 
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From (1.5) and (1.6) we infer that 
(1.7) if pi = 2, si = 1, f even, aDi = 22+a(2). 
From (1.3), (1.4), and (1.7) we deduce that 
K unless f is even and 2 [I n, 
(l-8) 
= 2K if f is even and 2 [j n. 
It remains to consider primes p such that (p - 1) 1 f, p + p, , p, ,..., p, . 
For each suchp, we divide the values of k into two families S, T, where 
kES+pIkn+l, kET+prkn+l. 
Since p I’ n it is clear that neither family is empty. If k E S, then pq 1 B(k). On 
the other hand, there exists k E S such that p2 f kn + 1. For, since pa is prime 
to n, we may iind a, b such that an + bp2 = 1, and then kn + 1 = p mod pa, 
where k = a(p - 1). Thus the p-primary factor of the gcd of the integers 
B(k), k E S, is pg. 
Now let k E T. We first assume p odd. Since (kn + l)P-l _= 1 modp, 
Lemma 1.1 implies that 
p@(p)+l 1B(k). 
On the other hand, pn + 1 = 1 + np mod pa, so, by Lemma 1.2, 
(PTZ + 1)f c 1 $ frtpa(p)+l modpa(p)+a, where f = tpQ(P). 
Sincep 7 n, p 7 t, we infer thatp a(*)+2 7 8(p). Hence, ifp is odd, thep-primary 
factor of the gcd of the integers 8(k), k E T, ispa(p)+l. Thus 
(1.9) if (p - 1) If, p # pl ,p, ,..., p, , and p odd, then up = pb(P). 
Finally, let p = 2, p # p, , p, ,..., p, . Then n is odd, and T consists of 
the even integers. If f is odd, we argue exactly as earlier that 
2 I W), k E T, 4 -7 em 
so that the 2-primary factor of the gcd of the integers O(k), k E T, is 2. If f 
is even, we argue exactly as earlier that 
22+a(2) 1 B(k), k E T, 23+a(3) f e(4), 
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so that the 2-primary factor of the gcd of the integers B(K), K E T, is 22+o(2). 
Recalling that b(2) = min(q, a(2) + l), we infer that 
ifp =2 #pl,p2,...,pt,then 
(1.10) oD = 2*(z) if f is odd or if f is even and 4 < a(2) + 1, 
a ?, = 2b(s)+r if f is even and u(2) + 2 < Q. 
Putting together (1.8), (1.9), and (1.10) yields the theorem. 
2. THE DIFFERENTIALS OF THE L-HS SPECTRAL SEQUENCE 
Throughout this section N will be an abelian group and 
N>-+G,-uQ 
an extension with abelian kernel N, characterized by ar E H2(Q; N). Let OL 
be of finite order n and let fk: N -+ N be multiplication by kn + 1. Then fR 
is a module map and induces 
fw: H2(Q; N) -+ H2(Q; W 
which is also multiplication by Kn + 1. Thus 
(24 flc*@) = % 
so that there is a map of extensions 
N>--+G,>-Q 
(2.2) lfk b II* 
N>-+G,>-Q 
Passing to the L-HS spectral sequence of the extension, we obtain a 
commutative diagram 
Ey.a *,” , E, - m r.a+r-1 
(2.3) 1 fk’ 1 fk# I 
*,” m-r.a+7-1 Ersa - E, 
where fk’, f; are induced by (2.2). We may rewrite (2.3), for Y > 2, as 
SH,,,(Q; HJV) d,O: S&d&; Ha+,-JV 
(2.4) 
1 
fk 
, 
1 
fk” , 
SH,(Q; H,N) 5 SHm-AQ ; Ha+r-P> 
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where S stands for a certain (unspecified) subquotient of the group named. 
We now prove 
PROPOSITION 2.1. Suppose either that q < 2 or that N is torsionfree. 
Then, if 1: N -+ N is multiplication by 1, 
is multiplication by lq. 
Proof. If q = 0, 1 the conclusion is trivial. If q = 2, we remark that the 
Pontryagin map 
x:N@N+H,N 
is natural and surjective [6], whence it immediately follows that 1, = 
1% H,N + H,N. If N is torsionfree and finitely generated, then N is free 
abelian and H,N is just the exterior algebra on N. Thus the conclusion is 
obvious in that case. For N arbitrary torsionfree a direct limit argument then 
yields the result. 
REMARK. It is easy to see that, in general, if N is a product of three cyclic 
groups, then 1,: H,N -+ H,N is not equal to multiplication by 1” for any m. 
Since the homology groups of Q are additive functors of the coefficients, and 
since multiplication by 1” in any abelian group induces multiplication by 1” 
in any subquotient, we infer from (2.4) and Proposition 2.1 
THEOREM 2.2. Suppose either that q + I < 3 or that N is torsionfree. 
Then, in the L-HS spectral sequence {Er , d,.a} associated with N >--f G, - Q, 
characterized by 01 E H2(Q, N) of order n, we have, for r > 2, 
a(q,r- l,n)dTo:=O, 
where u is described in Theorem 1.4, and d,.a: Ersq + Er--‘*q+‘-l. 
Proof. Applying Proposition 2.1 for 1 = hn + 1, K EZ, to (2.3), we obtain 
the commutative diagram 
ET.” dra l 7 ,,jWM.Q+Gl 
(2.5) 1 * 
p+r--1 
dva m r.a+r-1 E,mnq - E, - 
From (2.5) we infer that B(K) dTa = 0, K E Z, where B(K) is defined as in (1.1) 
with f = r - 1. Since u is, by definition, the gcd of the integers B(k), the 
theorem follows. 
&/29/Z-11 
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We may apply this result to the case of the split extensionNz+NA Q-Q, 
given by (II = 0, to obtain 
COROLLARY 2.3. Suppose either that q + r 6 3 or that N is torsionfree. 
Then in the spectral sequence {E,, dr} of the semidirect product N >--+ N A Q-Q, 
we have 
d, = 0, zyq = 0, 
2dr = 0, if r is even andq > 1, 
Ad,. = 0, ifrisoddandl <q<a(2)+1, 
2hdr = 0, zf r is odd and a(2) + 2 < q, 
where d,: ET,’ -+ Er-r,qfr-‘, 
The triviality of d,. when q = 0 is, of course, an immediate consequence 
of the existence of a splitting of the extension. Note that in the case of the 
semidirect product 
h = (,.gT-,pb’~~~ 
where 
b(P) = min(q,a(P) + l), and patp) 11 (r - 1). 
We will now alter the hypothesis on N to obtain a second application of 
Theorem 1.4. 
LEMMA 2.4. Let C = (x) be a cyclicgroup of order n with generator x, and 
let4: C-+ Cbegivenby4x = xz. Then 
is multiplication by Ii. 
Proof. It follows, from Proposition X11.11.1 of [3], that the generator 
g = [x] E H,C = l?-aC is maximal. Hence the natural map a w ag is an 
isomorphism, 
Hzi-,C = l?2iC r Ez-2i-2C = Hzi+,C = Hz(i+l)-1C, i 3 1. 
Since trivially 4.+.(g) = Zg, we argue by induction to obtain the result. 
THEOREM 2.5. Let N be the direct product of two cyclic groups, and let 
$: N -+ N be the lth power map (N being written multiplicatively). Then 
+*: H,N + H,N 
is multiplication by li sf q = 2i - 1, and multiplication by l*+l if q = 2i, i > 1. 
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Proof. Let N = C, x C, , Ci cyclic, i = 1,2. The case in which one 
of C, , C, is infinite is a special, but easy, case in which the following argument 
is valid. 
If q = 2i - 1, there is a natural direct sum decomposition 
(2.6) H,N = HqCl 0 HqC2 0 @ Tor(HJ, , HkC2), 
j+k=+l 
wherej, K are odd,j=2j’-I, k=2k’-l,j’+k’=i. SinceToris 
bilinear, it follows from Lemma 2.4 that each summand in (2.6) is multiplied 
by 1” under #* . 
If q = 2i, i 3 1, there is a natural direct sum decomposition 
(2.7) Ha= @ HA’, @ H/cc,, 
j+k=q 
where j, K are odd, j = 2j’ - 1, R = 2k’ - 1, j’ + k’ = i + 1. Again, it 
follows from Lemma 2.4 that each summand in (2.7) is multiplied by Zi+l 
under q5* . 
THEOREM 2.6. Suppose that N is the direct product of two cyclic groups. 
Then, in the L-HS spectral sequence {E, , dru} associated with the extension 
N >-+ G, ++ Q, characterized by 01 E H2(Q, N) of order n, we have 
a(a, b, n) d,O = 0, 
where d,a: Eysq -+ Ep-‘*‘J++l, u is described in Theorem 1.4, and a, b are 
given by 
a = q’, b = r’ - 1, if q=2q’-l,r=2r’-1, 
(2-Y 
a = q’, b = r’, if q = 2q’ - 1, r = 2r’ 
a = q’ + 1, b = r’ - 1, if q = 2q’ # 0, r = 2r’ or 2r’ - 1 
a = 0, b = r’, if q = 0, r = 2r’ or 2r’ - 1. 
Proof. We only have to note that we have a commutative diagram 
E;CJ dr” l E, - nz r,q+r-1 
The rest of the argument then is analogous to the proof of Theorem 2.2. 
Again, we may apply this result to the split extension N >3 NAQ - Q, 
given by 01 = 0, to obtain 
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COROLLARY 2.7. Suppose that N is the direct product of two cyclic groups. 
Then in the L-HS spectral sequence {EI , dr} associated with the semidirect 
product N >+ N A Q -++ Q, we have, for d,: ETeq -+ Er+P~q+r-‘, 
d, = 0, ifq=o 
2d, = 0, ifqisoddandr =4m- 1,4m-2or 
ifqiswenandr =4m-2,4m-3, 
Ad, = 0, ;fl <a\<a(2)+1, 
2Ad, = 0, zya(2)+2 <a. 
Here, if q is odd, q = 2a - 1, r = 26 or 2b + 1, h = nt9-r) lb pb(P), 
where b(p) = min(a, a(p) + I), pa(p) 11 b; and, if q # 0 is even, q = 2a - 2, 
r = 2b + 1 or 2b + 2, and A is defined by the same formula. 
Of course Theorem 2.6 and Corollary 2.7 apply afortiori when N is cyclic. 
3. CENTRAL EXTENSIONS 
If N >--+ G, -++ Q is a central extension, we are able to improve sub- 
stantially the torsion estimates given by Theorems 2.2, 2.6 by utilizing the 
well-known fact that all differentials d, , r > 2, vanish in the L-HS spectral 
sequence of a direct product. 
PROPOSITION 3.1. Let N >--f G, --++ Q be a central extension characterized 
byorEW(Q;N) f d o or er n. Then if q + r < 3 or N is torsionfree, na+r-ldra = 0, 
where d,“: ETsq -+ EF--r*qt’-l, r 2 2. 
Proof. Since nly = 0, we may find a map of extensions 
N>---+G, -+Q 
(3.1) 
where n: N 
we obtain 
(3.2) 
N-NxQ-Q 
N stands for multiplication by n. Passing to spectral sequences, 
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induced by (3.1), I > 2. However, in the bottom row we have the L-HS 
spectral sequence {&. , a+.} of a direct product, so d,. = 0 and eF*’ = er’“, 
i?~--7**+7-1 = E-r*a+r-l. Thus we may write (3.2) as 
SH,,,(Q; H,N) 2 Wn-r(Q; H,+,,N) 
(3.3) 1 n* 1 % 
HdQ; WV ’ + Hm-r(Q; Ha+,-,N) 
Let [xl E sH,(Q; f&W, with x E H,(Q; H,JV), and let dru[x] = [y], with 
y E H,,(Q; H,,,,N). It now follows from Proposition 2.1 that 
n*[ y] = nq++ly, 
so that (3.3) implies that n q++ly = 0, whence certainly ?r*+‘-V,“[x] = 0. 
THEOREM 3.2. Under the hypotheses of Proposition 3.1, we have 
K(Y - l,n)d,= = 0 unless 2 11 n, r odd, 
2K(T - l,n)drW =Oiff~~n,rodd, 
where K is given by (1.2). There is a special case 2nd,” = 0 sf 2 11 n, q = 0. 
Proof. We already know that a(q, r - 1, n) dru = 0, ng+r-ld7a = 0. The 
second relation tells us that we have only to consider, in CJ, the p-primary 
factors ul, where p 1 n. Thus the theorem follows from (1.8) except for the 
special case 2 /I n, r = 3, q = 0. In this case (1.7) gives ~a = 8 but the 
2-primary factor of n*++r is 4. 
REMARK. There is only one special case, since sI + a(p,) < si(q + r - 1) 
and 2 + a(2) < q + Y - 1, r odd, unless q = 0, r = 3. 
THEOREM 3.3. Let N >--+ G, -++ Q be a central extension characterized by 
OL E H2(Q; N) of order n and let N be a direct product of two cyclicgroups. Then, 
for dra: ET.* + Er-r*q+r-l, r > 2, we have 
a 4 4 4 = 0 unless 2 11 n, b even, 
2K(b, n) dTa = 0 if2 11 n, b even, 
where b is givers by (2.8). There are special cases 2n@ = 0, 2nd,” = 0 if 2 II n, 
q = 0. 
bWAFtK. Of course, in applying Theorems 2.6 and 3.3, we further refine 
the torsion estimate of d,.a by exploiting the exponent of N. If Q is finite we 
may also exploit its order, also in Theorems 2.2 and 3.2. 
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4. ON THE HOMOLOGY OF A SEMIDIRECT PRODUCT 
Let N be a group (not necessarily abelian) and let Q be a group acting on N. 
Let 
(4.1) N>L 
E 
G---Q 
be the split extension, so that G = NA Q, with splitting 7: Q + G. It is 
clear that for all n > 0 there is a split short exact sequence 
R, >--+ H,G -%+ H,Q, R, = ker E* 
with splitting T*: H,Q + H,G. In order to obtain information on R, we 
exploit the L-HS spectral sequence {E, , dr> associated with the extension 
(4.1). We recall that there is a filtration of H,G by subgroups R,i, i = -1, 
0, 1 ,.. ., n, 
with R,i/Rf,-’ = Ekn-i, i = 0, l,..., n. It then follows by naturality that 
R, = RE-‘. In dimension n = 1 we thus obtain 
since da: H,Q -+ H,(Q; H,N) is trivial. Next we consider the case n = 2. 
Of the differentials which need to be considered for computing H,G, we know 
from Corollary 2.3, case p = 0, that 
4: f&Q - H,(Q; HP), 
d3: H3Q + SH,(Q; H2N) = E30n2 
are trivial. Here S stands as in (2.4) for a certain subquotient which in this 
case is simply the cokernel of d,: Ei*l + Eis2. Thus the only possibly non- 
trivial differential to be considered is 
4: H&Q; f&W + WQ; f&P). 
It follows that we have an exact sequence 
(4.4) H,(Q; H,N) -% (H,N), 5 R, A H,(Q; H,N) - 0 
(see also [7, 91). 
We use (4.4) to prove 
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PROPOSITION 4.1. Let N be abelian. Suppose that 
(a) 2: N -+ N s’s an automorphism (e.g., N is torsion without 2-torsion), or 
(b) Q is finite of odd order. 
Then R,$ts into the short exact sequence 
(4.5) VUb >- R, --++ H,(Q; NJ. 
Proof. By Corollary 2.3 we have 2d, = 0. If (a) or (b) holds, 2: H,(Q; N) -+ 
&(Q; N) is an automorphism. Thus, in both cases, the fact that 2d, = 0 
implies that d,: H,(Q; N) --f (H,N), is itself trivial. The result now follows 
from (4.4). 
REMARK. The argument proving Theorem 2.1 of [7] in fact shows that 
we always have a homomorphism K: R, -+ (E&N), such that K$ = 2. Thus, 
under hypothesis (a) of our Proposition 4.1, the sequence (4.5) splits. For, 
by Proposition 2.1, 2, = 4: (H,N)o -+ (E&N), , so that hypothesis (a) 
implies that 4: (HsN), -+ (H,N)o is an automorphism and so also then is 
2: (fW)o - WJ% - 
For Proposition 4.3 we shall need the following lemma. 
LEMMA 4.2. Let p be a prime. Suppose N does not contain p-torsion and 
that Q is$nite with p f 1 Q I, where 1 Q 1 is the order of Q. Then H,(Q; H,N), 
q = 0, l,... does not contain p-torsion. 
Proof. We have for any Q-module M 
1 Q / = res 0 car: H,(Q; M) --+ Hd{el; M) -+ WQ; M). 
If M does not contain p-torsion, an element x E H,(Q; M) with px = 0 has 
car x = 0, since H,,((e}; M) = M. Hence 1 Q 1 x = res 0 car x = 0; and, 
since p 7 1 Q 1, we conclude that x = 0. It thus remains to prove that H,N 
does not contain p-torsion. But since N has no p-torsion this is clear by direct 
computation for N finitely generated, and a direct limit argument yields the 
result for N arbitrary. 
REMARK. Obviously, H,(Q; HJV) m > 1, does not contain p-torsion for 
p 7 1 Q 1, without any further assumption on N. 
Applying these results we obtain in dimensions n > 3. 
PROPOSITION 4.3. Suppose N is torsionfree. Suppose also that, if p is a 
prime with p < n, then p { I Q I. Then the filtration (4.3) of H,,G is such that 
(4.6) Rni/R;-,-’ = H,(Q; H,-,N), i = o,..., n 
364 HILTON AND STAMMBACH 
Proof. By Corollary 2.3 we certainly have 2Adr = 0 where h contains 
only primespwith (p - 1) 1 (Y - 1). S ince, by Lemma 4.2 and the subsequent 
remark, all the groups &(Q; H&V)) are p-torsionfree for p < n, it follows 
that d, = 0 for Y < n. Since also d,,, = 0: Ez$?‘-+ E2Jl we deduce that 
E2 
i.n-i = 
Et?> i = O,..., n, 
whence the proposition follows. 
REMARK. It is, of course, easy to prove that, if N is p-torsionfree and Q 
is finite withp { 1 Q I, then H,G is p-torsionfree for every n > 1; we simply 
apply the L-HS spectral sequence, knowing that H,(Q; HJV) is p-torsion 
free, and torsion if m 3 1. The force of Proposition 4.3 is that, under the 
stronger hypotheses enunciated, the graded abelian group associated with the 
filtration of H,,G takes its “maximal value” (as it is known to do in the case 
of a direct product). 
5. ON THE ORDER OF H,G 
Let N >-+ G ++ Q be an extension of finite groups, with N abelian, 
described by 01 E H2(Q; N) of order n. Denote by r the set of primes dividing 
2n and by r’ the complementary set of primes. If K is any natural number, 
we shall denote by z-(K) the z--primary factor and by r’(K) the &-primary 
factor of k. Theorem 2.2 yields the following result on the torsion of the 
differentials which have to be considered for computing H,G, where we write 
d, for d,=; 
(5.1) 
4: H,Q -+ Ho(Q; N), nd, = 0. 
4: &Q + W&i N), nd, = 0, 
4: HdQ; N) + Ho(Q; H,N), nd, = 0 if n is even, 
2nd2 = 0 if n is odd. 
4: S%Q - SH,(Q; WV), n$ = 0 if n is odd, 
2nd, = 0 if 4 1 n, 
4nd, =Oif2j/n. 
Here 5’ denotes, as in (2.4), an (unspecified) subquotient. From this it follows 
at once that by passing through the spectral sequence only the n-torsion is 
affected. We may thus state 
PROPOSITION 5.1. r’ I f&G I = r’ I &Q I . w’ I WQ!; WI * r’ I VW, I. 
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In addition we may give the following estimates on the r-primary factor of 
I HP I- 
PROPOSITION 5.2. T 1 nHzQ 1 * T 1 nHl(Q; N)I . TT 1 h(H,N), 1 <n [ H,G I < 
TT j H,Q 1 . T 1 H,(Q; N)l - T [(H&V), 1, where h = 29 if n is odd OY 4 1 n, and 
h = 4n2 if 2 II n. 
Proof. The second inequality is obvious. To obtain the first, we begin by 
observing that, given a homomorphism of abelian groups +: A -+ B such that 
rn+ = 0, then 
(5.3) mA >+ ker $, coker $ -++ mB 
Now E%” = ,!$’ = ker(d,: H,Q -+ No). Thus we infer from (5.1) and 
(5.3) that 
(5.4) TIE:‘/ >.lnH,QI. 
Next Ekl = E.$’ = coker(d,: H3Q 
(5.1) and (5.3) that 
+ H,(Q; N)). Again we infer from 
(5.5) -i-r I -Ck’ I 2 r I nfG(Q; N)I 
Finally Z$;’ = I$” = coker(ds: SH,Q -+ S(H,N),), where S(H,N), = 
coker(d,: H,(Q; N) -+ (H,N),). Thus, from (5.1) and two applications of (5.3) 
we infer that 
This completes the proof. 
REMARK 1. By using Theorem 3.2 we can sharpen the assertion of 
Proposition 5.2 slightly if the extension is central. For then we can define 
h to be n2 if n is odd and 2n2 if n is even. 
REMARK 2. Of course, we improve the lower bound on r I H,G I by 
sharpening the estimates on n 1 E$’ I, r I E:l I, and ~1 p;* 1 given by (5.4), 
(5.5), (5.6). In particular, it may well be possible to compute rr 1 E$’ 1 precisely, 
since d,: H,Q -+ No forms part of the well-known 5-term exact sequence 
associated with the extension N >-+ G -++ Q. 
6. ON THE RANK OF H,G 
Let 
U-j.11 N-G-Q 
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be an extension, with N abelian, not necessarily torsionfree, described by 
a E H2(Q, N) of finite order. Let rk A stand for the rank of the abelian 
group A. 
PROPOSITION 6.1. 
rk H,G = 2 rk H,(Q; H,,+,N). 
k=O 
Proof. First we remark that 
and 
rk H,G = dim,(H,(G; Q)), 
rk Hk(Q; fLk(N) = dim&&?; H,.-k(N Q))). 
Now let T be the torsion subgroup of N; it is clear that T is a Q-submodule 
of N. The L-HS spectral sequence associated with T >-+ G --tf G/T yields 
JMG; Q) = fUGIT; Qh and similarly H,(N, Q) = H,(N/T; Q). Thus 
H,(Q; H,,+.k(N; Q)) = Hk(@ H,pk(N/T; Q)), and We may replace the 
extension (6.1) by 
(6.2) N/T >-+ G/T-Q 
in proving the proposition. But since N/T is torsionfree, Theorem 2.2 shows 
that all differentials in the L-HS spectral sequence have torsion. Thus 
and the result follows. 
REMARK. It is evident that the conclusion of Proposition 6.1 continues 
to hold if we merely assume that N is an extension of a locally finite group 
with abelian kernel. 
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